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Y cmammi nasedeno piwenns meopemuunoi 3a0a4i 6U3HAYEHHS NPOSUHY OOHOCXUNOL OAKU
3a MHIUHOT 3MIHU JCOPCMKOCMI 83008iC NPOIbOMY. AkmyanbHicms po36 ’sa3anus maxoi 3a0ayi
3yMo6nena HeobXiOHicmio 3abe3nedenis yMos HOPMAIbHOL eKCNIYamayii ma OOMpUMAanHs 6UMO2
mexnixu bes3nexu. Boockonanenns memoody usHaA4eHH MAKCUMATbHUX NPOSUHIE OANOUHUX elle-
Menmie 6a3yEmvbcs Ha MOMY, W0, 32I0HO 3 HOPMAMU NPOEKMYBANHS 3ANI300eMOHNOI OANKU, NPo-
2uH mpeba ob6paxosysamu 3a 3a2anbHUMU npasuramu 6ydigenvHoi mexaniku. Posensoaecmuvcs
BUNAOOK, KONU HANPYICEHHS 8 KOHCMPYKYIT Habazamo Menue 3a epanuyni 3navenns. Tooi naac-
MUYHUL CKIAOHUK Oepopmayii nopieHsHO Maiutl.

06’ exmom meopemuuHo20 00CHIOHCEHHA € OOHONPOILOMHA WAPHIPHO 06nepma 0OHOCXUNA
0anKka NpAMOKYMHO20 NONEPEeYHO20 Nepepizy, KA 3A8aAHMANCEHA PIBHOMIDHO PO3NOOLIeHUM
JUHIUHUM HasanmadcenHam. Binowicms cmanesux i 3a1i300emorHHUX 6AL0K MAarOmMb 080MABPO-
8ULl nonepeyHull nepepis, 0 AK020 0CbOBUL MOMEHM THepYii Y NAOWUHI 32Uy NPUOIUSHO NPO-
nopyitinui Kyoy eucomu. Tomy O CHPOUeHHS 83O NPAMOKYIMHULL nepepis.

Buxooauu 3 eeomempuunoi cxemu 6anxu, ompumano JHIUHY 3A1EAICHICMb MIdC KOOPOUHA-
Mmoo 8300624 nNporvomy ma it eucomoro. Ha yiti niocmasi cknadena yHKYisa 0cb08020 MOMEHMY
iHepyii nonepeunozo nepepisy.

Hns ompumanns ananimuunoi popmynu npounie i Kymie nosopomy Oaiku 3a 008iCU-
HOI NPONIbOMY BUKOHAHO IHMeSPY8anHs OUpepeHyilin020 pPiHAHHA 3ieHymol oci. 3eunanbHull
MomeHm y nepepizi 6anku 6i0 3a0aHO20 NIHINIHO20 HABAHMANCEHHA NPeOCmasnieHull y 6ueisioi
K68aOpAMuyHOI 3a1eHCHOCIMII.

Iocnioosne inmezpysanms ougepenyitino2o pieHAHHA 00360IUN0 OmpumMamu QyHKyii kyma
nosopomy i npocuny. Ilocmitini iHmespy8ants 8UX00AMb 3 MO20, WO NPOSUHU HA NI T NPAGili
onopax 0OpIiGHIOIOMb HYIIO.

s npakmuynoeo niomeepodicents NPAGUILHOCI OMPUMAHO20 Pe3YAbIMamy 015 NPOSUHie
PO321510a6Cst 6UNAVOK, KO VXU 6anku 00pisnioe Hymo. Ananiz gopmynu degpopmayiu 6anxu
noKa3as, wo mpeba posKpueamu MamemMamuyHy HeGU3HA4eHiCMy 3a 00NoMo2or0 npasuna Jloni-
mans. Taxe 3a60ants nog ’a3ane 3 NEGHUMU MAMEMAMUYHUMY MPYOHOWAMU | 6UPTULYBATIOCS 34
00nomo2or0 komn tomeproco cepedosuuia MathCAD.

3a0aua snaxodscenHs npo2unie i Kymie nogopomy Oaiku Oyna poss’s3ana 36 KOHMPOLbHUX
BUXIOHUX OaHuX. 3a donomozoio komn tomepHozo cepedosuuya MathCAD 6yno 6e3nocepedrbo
ompumane epapiune piuienns Oupepenyitinoco pieHsHHs 3i2HYmol oci, a makoxc no6yoo6ani
epagixu yHKyiti npocurie i Kymie nogopomy.

Ananiz yux epaixie nokazas, wo MAKCUMATbHULL RPOSUH | HYTbOBULL KYI NOGOPOMY MAIOMb
00HY abcyucy, wo 8i0nogioae meopemudHum nepedymosam. JJoeeoeno, uwjo Oaika Mae Maxcu-
MANbHULL NPOSUH He NOCEPEOUHT NPObomy, a baudicue 00 1isol onopu, oe il sucoma meHua.

Kniouogi cnosa: oonocxuna banka, npo2ut, Kym noeopomy, 3MiHHA JHCOPCMKICIb 83008IC
npoabomy, oughepenyiiine pieHAHHA 3i2HYMOoi OCi.

Yanin O.E. Improvement of the technique for calculating the deflection of a single-inclined
beam with variable rigidity along length

The article discusses the solution of the theoretical problem of determining the deflection
of a single-inclined beam with a linear change in stiffness along the span. The urgency of solving
such a problem is due to the need to ensure normal operating conditions and comply with safety
conditions. The improvement of the method for determining the maximum deflections of beam
elements is based on the fact that, according to the design standards of a reinforced concrete
beam, the deflection must be determined according to the general rules of structural mechanics.
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The case is considered when the stress in the structure is much less than the limiting value. Then
the plastic component of deformation is relatively small.

The object of theoretical research is a single-span hingedly supported single-inclined beam
of rectangular cross-section, loaded with a uniformly distributed linear load. Most steel and rein-
forced concrete beams have I-beams cross section, for which the axial moment of inertia in
the bending plane is roughly proportional to the cube of the height. Therefore, for simplicity,
a rectangular section is adopted.

Based on the geometric scheme of the beam, a linear relationship was obtained between
the coordinate along the span and its height. On this basis, the function of the axial moment
of inertia of the cross section is compiled.

To obtain an analytical formula for the deflections and angles of beam rotation along
the length of the span, the differential equation of the curved axis was integrated. The bending
moment in the beam section from a given linear load is presented as a quadratic dependence.

Successive integration of the differential equation made it possible to obtain the functions
of the angle of rotation and deflection. Integration constants are found on the assumption that
the deflections on the left and right supports are equal to zero.

For practical confirmation of the correctness of the result obtained for deflections, a special
case was considered when the slope of the beam is equal to zero. Analysis of the deformation
Jformula of the beam showed that it is necessary to disclose the mathematical uncertainty using
the Lopital’s rule. This problem is associated with certain mathematical difficulties, and it was
solved using the MathCAD computer environment.

The problem of finding the deflections and angles of rotation of the beam was solved with
the control initial data. Using the computer environment MathCAD, a graphical solution to
the differential equation of the curved axis was directly obtained, and graphs of the functions
of deflections and angles of rotation were also built.

Analysis of these graphs showed that the maximum deflection and zero angle of rotation have
the same abscissa, which corresponds to the theoretical assumptions. It was shown that the beam
has a maximum deflection not in the middle of the span, but closer to the left support, where its
height is less.

Key words: single-inclined beam, deflection, angle of rotation, variable stiffness along
the span, differential equation of a curved axis.

3anizo00eToHH1 Ta MeTasieBi OalKi IIHPOKO 3aCTOCOBYIOTHCS Y TIPOMHUCIIOBHX, I'PO-
MAaJICBKHX 1 )KUTIOBUX OYIIBISX B SKOCTI PHUTETIB, a TAKOX HECYUHX €JIEMEHTIB Iepe-
KPHUTTIB Ta MOKPUTTIB. /Iy 3a0e3medeHHs YMOB HOPMANBHOI €KCIUTyaTamii # JOTpH-
MaHHsI BUMOT TEXHIKM O€3MeKH TaKi KOHCTPYKIii MOBHHHI MaTd IEBHY >KOPCTKICTb,
BUXOJITYM 3 TEXHOJOTIYHUX, KOHCTPYKTHUBHHUX W €CTETHYHHX HOpM. Tomy HeoOXigHO
BIOCKOHAJIUTH METOAM BU3HAYCHHS MAaKCHMAaJbHUX IMPOTUHIB OaJOYHHX EJIEMEHTIB.
Bonu MoxyTh MaTH pi3Hi GopMu i po3MipH, SIKUM BiJIOBiAIOTh MEBHI MaTeMaTH4HI
METONM BU3HA4YCHHA jaedopMariii. 3rifHO 3 YMHHUMHU HOpMamu [1; 2] mporuH 3ami-
300eTOHHOT Oayky Tpeba BU3HAYATH 3a 3arajbHUMHU MIPaBUIaMH OyIiBeIbHOT MEXaHIKH
3 ypaxyBaHHSM MPYXHO-IUIACTUYHHUX BIACTHBOCTEH MarepiamiB. SKII0 HampyXeHHs
y KOHCTpPYKIIii Habararo MeHIe 3a TPaHW4HI 3HAueHHS, TO TUTACTUYHUHN CKIIaJHUK
nedopMmarii MOpiBHAHO Manuil. Y TakoMy pasi BiIOyBarOThCS IMEPEBAKHO MPYXKHI
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Puc. 1. Pospaxynrosa cxema danxku
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nedopmanii. 3rifHO 3 HOPMATUBHUMM BUMOTaMH [3] BU3HaYeHUI MaKCHMAIbHUH Mpo-
THH 0aJKH HE TOBHHCH NMEPEBHUIYBaTH TPaHNIHE 3HAYCHHSI.

Po3misiHEMO OHOIPOJIBOTHY MIAPHIPHO OOTEPTY OXHOCXMITY OajKy HPSIMOKYTHOTO
MOTIEPEYHOT0 TIepepisy, sKa 3aBaHTaKeHa PIBHOMIPHO PO3MOJIICHUM JTiHIHHAM HaBaH-
TaxeHHsM ¢ [4] (puc. 1). [IpumycTaMo, o Marepial mparoe MpyKHO.

Binbiiicte craneBux i 3ami300eTOHHUX OalOK MalOTh JBOTABPOBHM IONEPEYHHIMA
nepepi3, A SIKOTO OCHOBHM MOMEHT iHEpIii y MJIOIIMHI 3TMHY MPUOIM3HO MPOIOp-
midHWA KyOy BucOoTH [5—6]. ToMy /Ui CHpOINeHHS MOXKHA PO3IVISIATH MPSMOKYTHHA
nepepis.

Bincrans Bif J1iBOT OITOPH 0 TOYKY IEPETUHY JIiHINA BepXy 1 HU3Y OaJIKU TO3HAYUMO
h. Toni:

n=1L, M
ne H — Bucora Oanky Ha JiBii omopi; k
K — yXWJI BEPXHBOTO TOsICY OaKu.
ITosokeHHs TONepeyHOTro Nepepizy OalKH 3a JOBXKHHOIO OyJeMO XapaKTepu3yBaTH
abcrmcoro x abo z=h+x. 3MiHHa BHCOTa OAJKH Ha BiACTaHI X BiJ JIiBOI OTIOpPH 3 ypaxy-
BaHHAM (Gopmynu (1):

hy=H+hkx=k(h+x). )
Tozi 0chOBHIT MOMEHT 1HEPIIi] MOTIEPEYHOTO TIepepi3y B IbOMY MICIIi:
3
_ bh(x) _ bks(h + x)3
D) 12

Iie b — mMpHHA OIIEPEYHOTO TIepepi3y Oankw.

06 oTpumaTh aHATITHIHY (OPMYITY IPOTHHIB i KYTiB IIOBOPOTY OAIIKU 32 TOBXKH-
HOIO TIPOJIBOTY, Tpeba MmpoiHTerpyBatu audepeHiiiiine piBHAHHS 3irHYTOi Oci, SIKe Mae
BUTJISIA:

8 M(r)
—, “)
E-1,

ne M o 3THHAJILHUH MOMEHT y Tiepepi3i OaJIku Bijl 3aJ]aHOTO JIIHIHHOTO HaBaHTa-

JKCHHS ¢

3

y” —

1
M, = qu(l -X), %)

ne [ — npomit Ganku.
Iicis mizcTaHOBKH y qudepentiitne pipusnns (4) Bupasis wis 1 (x)1 M, 3 bopmyn
(3) Ta (5) orpumyemo:
w 6g x(I-x) 6 (z—h)l-z+h)

= = ©)
Ebk’ (h+x)’ EbK’ z’
ITocnigoBHO IHTErPYIOYH HOTO, OEPKUMO (DYHKIIIT KyTa MOBOPOTY 1 POTHHY:

, 6g [+2h  h(l+h)

=p= ~lnz- + +cl; (M
Y= e : T2
6g h(l+h)

y:Ebk3 [—(Z+l+2h)lnz+z(c+1)—7+d]- (®)

IMocriiiHi iHTErpyBaHHs ¢ 1 d 3HAWAEMO, BUXOJSIYM 3 TOTO, IO MPOTMHU Ha JIiBiH
1 IpaBiif onopax KOPiBHIOIOTH HYJIIO:

1) 3a x=0 (abo z=h) y=0;

2) 3a x=1 (abo z=h+l) y=0.
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Y pe3yneraTi OTpUMYy€eMO CUCTEMY PiBHSHB:
—(h+l+2h)1nh+h(c+1)—(lL2h)+d:O; ©)
—(h+Z+l+2h)ln(h+l)+(h+1)(c+1)—g+d=0. (10)
3BiakH
c:(2+%)ln(h+l)—(l+%)lnh—%; (11)
2 2
d=(4h+l+%)lnh—(2h+%)ln(h+l)+é+h. (12)

[Ticns migcTaHOBKY 3HAMICHUX MOCTIHHKUX iHTErpyBaHHs ¢ Ta d y hopmynu (7) 1 (8)
Oyaemo matH 3a z=h+x:

6qh’ 3h(h+x)
= +1+3h)1 +(2x+——>-
4 EbH3£(x Mt
I h X L AR, (13)
l h 2 2 2 2(h+x)
6qh’ h 3h., h+l
'=p= In—+Q2+—)In—-
O o ey TR
_ 10Ax +hl+2x1+3x° + 6h° (14)
2(h+x)°

o6 migTBepAMTH MPAaBUIBHICTH OTPUMAHOi (GOPMYNH Uil TPOTHHIB, AOLIIBHO
PO3IIISIHYTH YaCTKOBUM BUIIQJIOK, KoM yxui Oanku k=0 i h—oo. Jlnsa uporo tpeba
3HaI‘/’ITH,111_I};y . Ananizyroun ¢opmyiny (13), MoxkHa TIHTH BUCHOBKY, IO iCHY€E moTpeda
PO3KpHBaTH HEBHU3HAYCHICTh, HANPUKIAJ, 3a JormoMororo npaswina Jlomitans [7].
Taka 3a1a4a OB’ s13aHa 3 IEBHUMU MaTeMaTUYHUMHU TPYIHOIIAMH, TOX 11 JOIUTBHO BUPI-
IIyBaTH 3a JOTIOMOTOK KoMil roTepHoro cepemopuiia MathCAD. B pesynbrari Oyno
OTpPHMAaHO, IIO:

. 1 (2xX°1+x+1)
limy=——gx———=

15
h—> 2 EbH’ (15)

o, "

-0.005
¥ 1
)
i

-0.015

DI |
n. X J8,

Puc. 2. I'pagpix npocunis b6anku
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Puc. 3. I'pagpix kymis nosopomy 6aixu

Leit Bupa3 36iractbed 3 Bigomoro hopmynoro [8]. Takum unHoM, popmyna 11 mpo-
ruHy (13) oTpuMalia ieBHE MiATBEPIKCHHSI.

3amaya 3HAXOMKCHHS MPOTHHIB 1 KyTiB MOBOPOTY Oanku Oyima po3B’si3aHa 3a
TaKUX KOHTPOJNbHUX BuXimuux manux: I = 18 m; H = 0,9 m; k = 1/12; ¢ = 30 xH/m;
E =30000 MIla; b= 0,3 H.

3a moromMororo koM 'totepHoro cepenosuma MathCAD 6ymo 6e3mocepeqHbpo oTpH-
MaHe rpadiuHe pimeHHs qudepeHIiiHHOro piBHIHHA 3irHyTO1 oci (6), ke Oyno mo3Ha-
gene Y (X), a Takoxk 1moOynosani rpadiku (GyHKuiH, srixHo 3 popmynamu (13) i (14).
Bonu HaBejeHi Ha puc. 2 1 3.

Ha puc. 2 rpadiku y(x) i Y (X) criBnam, o € e OQHUM IiATBEPDKEHHSM Mpa-
BUJIPHOCTI BUKOHAHUX MaTeMaTHYHUX IEPETBOPEHb. Take MiTBEPIKCHHS € JTyKe BaXK-
JIMBHM 3 TIOTJISIAY afeKBaTHOCTI 3aIIPOITIOHOBAHOTO PE3YIIBTaTY.

I3 rpadikiB BUAHO, 110 MAKCUMAJIbHUI MPOTUH 1 HYJIBOBUH KYT MOBOPOTY MArOTh
onHy aberucy X = 7,5 M <1/2 =9 M. ToGT0 Gaska Mae MaKCHMaIbLHUN IPOTHH HE TTOCe-
penuHi MPOJBLOTY, a OJIMKYE 70 JTIBOT OMOPH, e il BHCOTa MEHIIIA.
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